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Îïèñûâàåòñÿ òåîðåòè÷åñêèé àïïàðàò è àëãîðèòìè÷åñêàÿ

÷àñòü ïðèìåíåíèÿ êîìáèíàöèè ìåòîäà øàãîâ è ðàñøèðåíèÿ

ïðîñòðàíñòâà ñîñòîÿíèé (ÌØ�ÏÑ) äëÿ âðåìåíí�îãî àíàëèçà

ñèñòåì ëèíåéíûõ ïàðàìåòðè÷åñêèõ ñòîõàñòè÷åñêèõ äè��åðåí-

öèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì. Âàæíîñòü ðåøåíèÿ óêà-

çàííîé ïðîáëåìû ñîñòîèò â òîì, ÷òî: 1) èç-çà ñòðóêòóðû

ðàññìàòðèâàåìûõ ñèñòåì íåëüçÿ îãðàíè÷èòüñÿ ïåðâûìè ìî-

ìåíòíûìè �óíêöèÿìè, êàê â ñëó÷àå ëèíåéíûõ ñèñòåì ñ ãàóñ-

ñîâñêèìè áåëûìè øóìàìè íà âõîäå; 2) ýòè ñèñòåìû, âàæ-

íûå äëÿ ìîäåëèðîâàíèÿ ðàçëè÷íûõ îáúåêòîâ è ïðîöåññîâ, ìîãóò

áûòü ðåçóëüòàòîì ëèíåàðèçàöèè íåëèíåéíûõ ñòîõàñòè÷åñêèõ

ñèñòåì ñ çàïàçäûâàíèåì è ìóëüòèïëèêàòèâíûìè �ëóêòóàöè-

ÿìè. Íèæå ïðåäñòàâëåíû íåêîòîðûå äåòàëè ýòîé ìîäè�èêà-

öèè, âêëþ÷àÿ ñòðóêòóðó óðàâíåíèé äëÿ ìîìåíòíûõ �óíêöèé

è àëãîðèòì ïåðåñ÷åòà íà÷àëüíûõ óñëîâèé â ðàìêàõ ïîøàãî-

âîé ïðîöåäóðû. Ïðèìåíåíèå ñõåìû äåìîíñòðèðóåòñÿ íà ïðè-

ìåðå ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû.

© Ïîëîñêîâ È.Å., 2018
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Êëþ÷åâûå ñëîâà: ìîäåëèðîâàíèå, �óíêöèîíàëüíîå äè��å-

ðåíöèàëüíîå óðàâíåíèå, óðàâíåíèå ñ çàïàçäûâàíèåì, ìåòîä øà-

ãîâ, ñòîõàñòè÷åñêèé àíàëèç, ìîìåíòíûå �óíêöèè.

Ââåäåíèå

Ñîâðåìåííûå òåîðåòè÷åñêèå èññëåäîâàíèÿ, íàïðàâëåííûå íà

èçó÷åíèå ý��åêòîâ çàïàçäûâàíèé íà ñîñòîÿíèå è ïîâåäåíèå ðàçëè÷-

íûõ ñèñòåì, íà÷àëèñü â ñåðåäèíå äâàäöàòîãî âåêà [5, 6℄. Íî îñîáåí-

íî èíòåíñèâíûé ðîñò òàêèõ ðàçðàáîòîê îáîçíà÷èëñÿ ñðàâíèòåëüíî

íåäàâíî, ÷òî ñâÿçàíî ñ ïîòðåáíîñòÿìè ïðàêòèêè. Ñðåäè ïåðâûõ ïðè-

ìåíåíèé òàêèõ èññëåäîâàíèé áûëè ìåòîäû ðåøåíèÿ çàäà÷ óïðàâëå-

íèÿ, à çàòåì ïðîáëåìû áèîëîãèè, ìåõàíèêè, �èçèêè, õèìèè, ìåäè-

öèíû, ýêîíîìèêè, àòîìíîé ýíåðãèè, òåîðèè èí�îðìàöèè è ò.ä.

Ìàòåìàòè÷åñêèå ìîäåëè äëÿ îïèñàíèÿ ðàçëè÷íûõ ÿâëåíèé â

ýòèõ îáëàñòÿõ ñòðîÿòñÿ â �îðìå �óíêöèîíàëüíî-äè��åðåíöèàëü-

íûõ óðàâíåíèé (ÔÄÓ) (ñì. [1, 17℄ è äð.) è ðàçëè÷íûõ ñïåöèàëüíûõ

�îðì ÔÄÓ, òàêèõ êàê îáûêíîâåííûå äè��åðåíöèàëüíûå óðàâíå-

íèÿ (ÎÄÓ) è äè��åðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-

íûõ (ÄÓâ×Ï)  ïîñëåäåéñòâèåì [16, 23, 41℄, âêëþ÷àÿ ÎÄÓ ñ çàïàç-

äûâàíèåì (ÎÄÓñÇ), íåéòðàëüíûå îáûêíîâåííûå äè��åðåíöèàëü-

íûå óðàâíåíèÿ (ÍÎÄÓ), à òàêæå èíòåãðî-äè��åðåíöèàëüíûå óðàâ-

íåíèÿ (ÈÄÓ) [12,15, 24, 37℄.

Â íàñòîÿùåå âðåìÿ çíà÷èòåëüíûé èíòåðåñ âûçûâàþò ñòîõàñòè-

÷åñêèå ÔÄÓ (ÑÔÄÓ) ðàçíûõ òèïîâ [8,11,27,31,32℄. Òàêæå, êàê ýòî

áûëî ðàíüøå äëÿ äåòåðìèíèðîâàííûõ ñèñòåì, ðàçâèòèå ìåòîäîâ èñ-

ñëåäîâàíèé äëÿ ñòîõàñòè÷åñêèõ óðàâíåíèé ñòàëî âàæíûì äëÿ òåî-

ðèè è ïðàêòèêè. Àíàëèç ÑÔÄÓ âûçûâàåò çíà÷èòåëüíûå òðóäíîñòè,

ïîñêîëüêó ýòè ÑÔÄÓ, êîòîðûå âîçíèêàþò âî ìíîãèõ ïðèëîæåíèÿõ,

íå ìîãóò áûòü ðåøåíû òî÷íî. Ïîýòîìó àêòóàëüíîé çàäà÷åé ÿâëÿ-

åòñÿ ðàçðàáîòêà ý��åêòèâíûõ ïðÿìûõ (äëÿ ïîëó÷åíèÿ ðåàëèçàöèé

ñèëüíûõ ðåøåíèé) è êîñâåííûõ (äëÿ âû÷èñëåíèÿ ñòàòèñòè÷åñêèõ

õàðàêòåðèñòèê) ïðèáëèæåííûõ àíàëèòè÷åñêèõ è ÷èñëåííûõ àëãî-

ðèòìîâ äëÿ àíàëèçà ñèñòåì ÑÔÄÓ. Ñ îáùèìè èäåÿìè, àëãîðèòìà-

ìè è ðåçóëüòàòàìè ñòîõàñòè÷åñêîé äèíàìèêè ìîæíî îçíàêîìèòüñÿ,

íàïðèìåð, â [2, 9, 20, 25, 35, 38, 39℄.

Â äàííûé ìîìåíò ñóùåñòâóåò äîâîëüíî øèðîêèé êëàññ ìåòî-

äîâ ðåøåíèÿ äåòåðìèíèðîâàííûõ ÔÄÓ [13,36℄. Ïðèáëèæåííûå àë-

ãîðèòìû ïðÿìîãî ÷èñëåííîãî èíòåãðèðîâàíèÿ ÑÔÄÓ ðàçíûõ òèïîâ
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(íàïðèìåð, [14,21,22℄) îñíîâàíû íà ýòèõ ñõåìàõ è ñïåöèàëüíûõ êîì-

ïëåêñíûõ ìåòîäàõ ÷èñëåííîãî ðåøåíèÿ ñòîõàñòè÷åñêèõ îáûêíîâåí-

íûõ äè��åðåíöèàëüíûõ óðàâíåíèé (ÑÎÄÓ) [3, 19, 28℄.

Â íàñòîÿùåå âðåìÿ íå ñóùåñòâóåò �îðìàëèçìà äëÿ òî÷íîãî ðàñ-

÷åòà ý��åêòîâ �ëóêòóàöèé â íåëèíåéíûõ ñèñòåìàõ ñ çàïàçäûâàíè-

åì. Ñòàíäàðòíûé ïîäõîä íà îñíîâå óðàâíåíèÿ Ôîêêåðà�Ïëàíêà�

Êîëìîãîðîâà íå ïðèìåíèì âñëåäñòâèå òîãî, ÷òî îí ïðåäíàçíà÷åí

äëÿ ìàðêîâñêèõ ñèñòåì. Äè��åðåíöèàëüíûå æå ñèñòåìû ñ ïîñëå-

äåéñòâèåì ÿâëÿþòñÿ íåìàðêîâñêèìè, õîòÿ ðàçëè÷íûå ïðèáëèæåíèÿ

ê íèì ìîãóò áûòü ìàðêîâñêèìè [26℄.

Íî åñòü íåêîòîðûå �îðìû ÑÎÄÓ, êîòîðûå íå òðåáóþò ðàññìîò-

ðåíèÿ î÷åíü ñëîæíûõ ñõåì. Îäíó èç òàêèõ �îðì �îðìèðóþò ñèñòå-

ìû ëèíåéíûõ ÑÎÄÓ, âîçáóæäàåìûõ àääèòèâíûìè è ìóëüòèïëèêà-

òèâíûìè áåëûìè øóìàìè. Â ýòîì ñëó÷àå äåòåðìèíèðîâàííûå ÎÄÓ

äëÿ ïåðâûõ è ñòàðøèõ (öåíòðàëüíûõ) ìîìåíòíûõ �óíêöèé ìîãóò

áûòü òî÷íî ïîëó÷åíû â çàìêíóòîé �îðìå, ò.å. ÎÄÓ äëÿ ìîìåíòíûõ

�óíêöèé íåêîãî ïîðÿäêà íå ñîäåðæàò ìîìåíòíûõ �óíêöèé áîëåå

âûñîêèõ ïîðÿäêîâ.

Åñëè òåïåðü ïåðåéòè ê ëèíåéíûì ÑÎÄÓ ñ çàïàçäûâàíèåì (ÑÎ-

ÄÓñÇ) ñ òåìè æå âõîäíûìè �ëóêòóàöèÿìè, òî ìû áóäåì �îðìàëüíî

íàõîäèòüñÿ â àíàëîãè÷íîé ñèòóàöèè îòíîñèòåëüíî çàìûêàíèÿ óðàâ-

íåíèé äëÿ ìîìåíòîâ, êàê óêàçàíî âûøå. �àçíèöà çàêëþ÷àåòñÿ â

òîì, ÷òî ýòè óðàâíåíèÿ áóäóò ÑÎÄÓñÇ. ×òîáû ïîëó÷èòü ÎÄÓ äëÿ

ñòàðøèõ �óíêöèé ìîìåíòà áåç çàïàçäûâàíèÿ, ïðèìåíèì ìîäè�è-

êàöèþ íàøåé ñõåìû [?, 7, 33℄, îáúåäèíÿþùóþ êëàññè÷åñêèé ìåòîä

øàãîâ è ðàñøèðåíèå ïðîñòðàíñòâà ñîñòîÿíèé ñèñòåìû (ÌØ�ÏÑ).

Íåîáõîäèìîñòü ðåøåíèÿ àíîíñèðîâàííîé ïðîáëåìû âêëþ÷àåò

êàê ìèíèìóì äâå ïðè÷èíû. Âî-ïåðâûõ, èç-çà ñòðóêòóðû ðàññìàò-

ðèâàåìûõ ñèñòåì ìû íå ìîæåì îãðàíè÷èòüñÿ ïåðâûìè ìîìåíòíû-

ìè �óíêöèÿìè, ò.å. �óíêöèÿìè ìàòåìàòè÷åñêèõ îæèäàíèé è êî-

âàðèàöèé, êàê â ñëó÷àå ëèíåéíûõ ñèñòåì ñ ãàóññîâñêèìè áåëûìè

øóìàìè íà âõîäå. Âî-âòîðûõ, ýòè ñèñòåìû, âàæíûå äëÿ ìîäåëèðî-

âàíèÿ ðàçëè÷íûõ îáúåêòîâ è ïðîöåññîâ, ìîãóò áûòü ðåçóëüòàòîì

ëèíåàðèçàöèè íåëèíåéíûõ ñòîõàñòè÷åñêèõ ñèñòåì ñ çàïàçäûâàíèåì

è ìóëüòèïëèêàòèâíûìè �ëóêòóàöèÿìè.

Íèæå ìû ïðåäñòàâëÿåì íåêîòîðûå äåòàëè ýòîé ìîäè�èêàöèè,

âêëþ÷àÿ ñòðóêòóðó ÎÄÓ äëÿ ìîìåíòíûõ �óíêöèé è àëãîðèòì ïå-

ðåñ÷åòà íà÷àëüíûõ óñëîâèé â ðàìêàõ ïîøàãîâîé ïðîöåäóðû. Â çà-
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êëþ÷åíèå äåìîíñòðèðóåòñÿ ïðèìåíåíèå íàøåé ñõåìû äëÿ èçó÷åíèÿ

ñèñòåì ïåðâîãî è âòîðîãî ïîðÿäêîâ. �åàëèçàöèÿ àëãîðèòìà îñó-

ùåñòâëåíà â �îðìàòå ïðîãðàììû íà âõîäíîì ÿçûêå ïàêåòà êîì-

ïüþòåðíîé àëãåáðû (ÏÊÀ) Mathematia [29℄.

1. Îñíîâíûå èñïîëüçóåìûå îáîçíà÷åíèÿ

Íèæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

(1) ñòðî÷íûå è ïîä÷åðêíóòûå ñòðî÷íûå áóêâû, íàáðàííûå ñòàí-

äàðòíûì ìàòåìàòè÷åñêèì øðè�òîì, äëÿ âåùåñòâåííûõ äåòåðìèíè-

ðîâàííûõ âåëè÷èí (íàïðèìåð, z, z);

(2) çàãëàâíûå è ïîä÷åðêíóòûå çàãëàâíûå áóêâû, çàïèñàííûå

ñòàíäàðòíûì ìàòåìàòè÷åñêèì øðè�òîì, äëÿ âåùåñòâåííûõ ñëó÷àé-

íûõ âåëè÷èí è ïðîöåññîâ (íàïðèìåð, Z, Z(t), Z, Z(t));

(3) ñòðî÷íûå è ïîä÷åðêíóòûå ñòðî÷íûå áóêâû, íàáðàííûå ïî-

ëóæèðíûì íàêëîííûì ìàòåìàòè÷åñêèì øðè�òîì, äëÿ âåùåñòâåí-

íûõ äåòåðìèíèðîâàííûõ âåêòîðîâ (íàïðèìåð, z = (z1, ..., zn), z =
(z1, ..., zn));

(4) çàãëàâíûå è ïîä÷åðêíóòûå çàãëàâíûå áóêâû, íàáðàííûå ïî-

ëóæèðíûì íàêëîííûì ìàòåìàòè÷åñêèì øðè�òîì, äëÿ âåùåñòâåí-

íûõ âåêòîðíûõ ñëó÷àéíûõ âåëè÷èí è ïðîöåññîâ (íàïðèìåð, Z =
(Z1, ..., Zn), Z(t) =

(
Z1(t), ..., Zn(t)

)
, Z = (Z1, ..., Zn), Z(t) =

(
Z1(t),

..., Zn(t)
)
);

(5) çàãëàâíûå áóêâû, íàáðàííûå äâîéíûì ïðÿìûì ìàòåìàòè÷å-

ñêèì øðè�òîì, äëÿ ìíîæåñòâ èëè ïðîñòðàíñòâ (íàïðèìåð, R, N);

(6) çàãëàâíûå è ïîä÷åðêíóòûå çàãëàâíûå áóêâû, íàáðàííûå ïî-

ëóæèðíûì êàëëèãðà�è÷åñêèì øðè�òîì, äëÿ âåùåñòâåííûõ äåòåð-

ìèíèðîâàííûõ ìàòðèö (íàïðèìåð, A, A = {aij}, A, A = {aij}).
Êðîìå òîãî, ïðèìåíÿåòñÿ ñëåäóþùàÿ ñèìâîëèêà:

�Mℓ1×ℓ2 andMℓ1×ℓ2×ℓ3 äëÿ ëèíåéíûõ ïðîñòðàíñòâ âñåõ (ℓ1×ℓ2)
è (ℓ1 × ℓ2 × ℓ3) ìàòðèö ñîîòâåòñòâåííî,

� Iℓ, Iℓ äëÿ åäèíè÷íîé ìàòðèöû â Mℓ×ℓ,

� ⊺ êàê ñèìâîë òðàíñïîíèðîâàíèÿ ìàòðèö,

� Oℓ ∈ R
ℓ
, Oℓ1×ℓ2 ∈ Mℓ1×ℓ2 è [O℄ℓ1×ℓ2×ℓ3

∈ Mℓ1×ℓ2×ℓ3 äëÿ

íóëåâîãî âåêòîðà, íóëåâîé ìàòðèöû è òðåõìåðíîé íóëåâîé ìàòðèöû

ñîîòâåòñòâåííî,

� ‡ äëÿ ñöåïëåíèÿ òðåõìåðíûõ ìàòðèö îòíîñèòåëüíî ïîñëåäíåé
ðàçìåðíîñòè,

� E[ ] äëÿ îïåðàòîðà ìàòåìàòè÷åñêîãî îæèäàíèÿ,
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� δ(x), δ(x), δ(x), δ(x) äëÿ îáîáùåííîé �óíêöèè Äèðàêà, ëîêà-
ëèçîâàííîé â òî÷êàõ 0, Ok èç R è R

k
,

� :: äëÿ òðåõìåðíîãî óìíîæåíèÿ ìàòðèöû íà âåêòîð:

[P(t)℄ ::U (t) =
{ r∑

ℓ=1

pijℓ(t)Uℓ(t), i = 1, r, j = 1, q
}
,

[P(t)℄ = {pijℓ(t)} ∈ Mr×q×r, U(t) ∈ R
r,

� åñëè ñèìâîëû α, β, ei è eij ïðåäñòàâëÿþò ìóëüòèèíäåêñû, òî

îíè è èõ ñâîéñòâàìè îïðåäåëÿþòñÿ òàê:

α = {α1, α2, ..., αr}, β = {β1, β2, ..., βr},

k1 α+ k2 β = {k1 α1 + k2 β1, k1 α2 + k2 β2, ....k1 αn + k2 βn},

ei = {δij}, j = 1, 2, ..., r, eij = ei + ej ,

Xα = Xα1
1 Xα2

2 ... Xαr
r , xα = xα1

1 xα2
2 ... xαr

r , Mα = Mα1α2...αr
.

2. Ïîñòàíîâêà çàäà÷è

�àññìîòðèì ñëåäóþùóþ ñèñòåìó ëèíåéíûõ ñòîõàñòè÷åñêèõ

îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì â

ñìûñëå Ñòðàòîíîâè÷à:

dX(t) =
[
A0(t)X(t) + c0(t)

]
dt+

[
[B0(t)℄ ::X(t) + G0(t)

]
◦ dW (t),

t0 < t 6 t0 + τ, (1)

X(t0) = X0, (2)

dX(t) =
[
A(t)X(t) +Q(t)X(t− τ) + c(t)

]
dt+

[
[B(t)℄ ::X(t)+

+[H(t)℄ ::X(t− τ) + G(t)
]
◦ dW (t), t0 + τ < t 6 T, (3)

ãäå t � âðåìÿ, t0 è T � íà÷àëüíîå è êîíå÷íîå âðåìÿ, t0 < T < +∞, à

τ > 0 � ïîñòîÿííîå çàïàçäûâàíèå. Âåêòîð X(t) =
(
X1(t), X2(t), ...,

Xn(t)
)
∈ R

n
� âåêòîð ñîñòîÿíèÿ ñèñòåìû. Íà÷àëüíîå óñëîâèå X0 =(

X0
1 , X

0
2 , ..., X

0
n

)
� ãèëüáåðòîâ ñëó÷àéíûé âåêòîð, ðàñïðåäåëåííûé

ñîãëàñíî ïëîòíîñòè âåðîÿòíîñòè p 0(x), x ∈ R
n
. Åãî âåêòîðîì ìà-

òåìàòè÷åñêèõ îæèäàíèé, êîâàðèàöèîííîé ìàòðèöåé è ìîìåíòàìè

ÿâëÿþòñÿ m0
X = E

[
X0

]
, D

0
XX = E

[
(X0 −m0

X)(X0 −m0
X)⊺

]
è
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M0
Xα = E

[
(X0)α

]
ñîîòâåòñòâåííî. Âõîä {W (t) =

(
W1(t),W2(t),

..., Wm(t)
)
, t > t0} ∈ R

m
� âåêòîðíûé âèíåðîâñêèé ñëó÷àéíûé

ïðîöåññ, êîòîðûé ñîñòîèò èç íåçàâèñèìûõ êîìïîíåíò è íå çàâè-

ñèò îò X0
. Îáîáùåííàÿ ïðîèçâîäíàÿ îò W (t) ïî t, îáîçíà÷àåìàÿ

{Ẇ (t) =
(
Ẇ1(t), Ẇ2(t), ..., Ẇm(t)

)
, t > t0}, � âåêòîðíûé ãàóññîâñêèé

áåëûé øóì ñ íåçàâèñèìûìè êîìïîíåíòàìè, òàêîé, ÷òî

E

[
Ẇ (t)

]
= 0, E

[
Ẇ (t) Ẇ

⊺

(t′)
]
= Im δ0(t− t′). (4)

Â óðàâíåíèÿõ (1), (3), A0(t) = {a 0ij(t)}, A(t) = {a ij(t)}, Q(t) =
{q ij(t)}, A0, A, Q ∈ Mn×n, [B0(t)℄ = {b 0ijk(t)}, [B(t)℄ = {b ijk(t)},
[H(t)℄ = {h ijk(t)}, [B0℄, [B℄, [H℄ ∈ Mn×m×n, G0(t) = {g ij(t)},
G(t) = {g ij(t)}, G0, G ∈ Mn×m � çàäàííûå äåòåðìèíèðîâàííûå âå-

ùåñòâåííûå ìàòðèöû, c0(t) = {c0i(t)} è c(t) = {ci(t)} � çàäàííûå äå-
òåðìèíèðîâàííûå âåùåñòâåííûå âåêòîðû â R

n
. Ïðåäïîëîæèì, ÷òî

ýëåìåíòû âñåõ ýòèõ ìàòðèö è âåêòîðîâ ÿâëÿþòñÿ íåïðåðûâíûìè

�óíêöèÿìè àðãóìåíòà t.

Çàìåòèì, ÷òî îïðåäåëåíèå âåêòîðà ñîñòîÿíèÿ íà íà÷àëüíîì ìíî-

æåñòâå [t0, t0 + τ ] â âèäå X(t) = X0
èëè X(t) = φ(t), ãäå φ(t)

� çàäàííàÿ äåòåðìèíèðîâàííàÿ âåêòîð-�óíêöèÿ, ëåãêî ñâîäèòñÿ ê

ðàññìîòðåííîé âûøå ïîñòàíîâêå çàäà÷è.

Óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè äëÿ ñèëüíûõ è ñëà-

áûõ ðåøåíèé íåëèíåéíûõ ñòîõàñòè÷åñêèõ ñèñòåì ñ çàïàçäûâàíèåì

ðàññìàòðèâàþòñÿ â ðàáîòàõ [11, 27, 31℄. Âñëåäñòâèå òîãî, ÷òî óðàâ-

íåíèÿ (1), (3) ëèíåéíû, âåêòîð X0
ÿâëÿåòñÿ ñëó÷àéíûì âåêòîðîì

âòîðîãî ïîðÿäêà, òî ñîãëàñíî [27℄, {X(t), t ∈ [t0, T ]}, ò.å. ðåøåíèå
óðàâíåíèé (1), (3), ñóùåñòâóåò. �àçëè÷íûå óñëîâèÿ íåïðåðûâíîñòè,

óñòîé÷èâîñòè, îãðàíè÷åííîñòè ìîìåíòíûõ �óíêöèé è íàëè÷èÿ äðó-

ãèõ ñâîéñòâ ðåøåíèÿ ïðåäñòàâëåíû âî ìíîãèõ ðàáîòàõ è, â ÷àñòíî-

ñòè, â [18, 27, 30, 31, 40℄.

Åñëè íà óðàâíåíèÿ (1), (3) ïîñìîòðåòü ñ òî÷êè çðåíèÿ òåîðèè

ñëó÷àéíûõ ïðîöåññîâ, ìîæíî çàêëþ÷èòü, ÷òî èç-çà íàëè÷èÿ çàïàç-

äûâàíèÿ â îáùåì ñëó÷àå ñëó÷àéíûé âåêòîðíûé ïðîöåññ X(t), ðå-
øåíèå ýòèõ óðàâíåíèé, íå ÿâëÿåòñÿ ìàðêîâñêèì âåêòîðíûì ñëó-

÷àéíûì ïðîöåññîì [10℄. Ïîýòîìó õîðîøî èçâåñòíûé àíàëèòè÷åñêèé

àïïàðàò òåîðèè ìàðêîâñêèõ ïðîöåññîâ, îñíîâàííûé íà èñïîëüçî-

âàíèè óðàâíåíèé Ôîêêåðà�Ïëàíêà-Êîëìîãîðîâà (ÔÏÊ-óðàâíåíèé)

äëÿ ïëîòíîñòåé âåðîÿòíîñòè p(x, t), à òàêæå ïëîòíîñòåé âåðîÿòíî-

ñòè ïåðåõîäà π(x, t |y, s) âåêòîðîâ ñîñòîÿíèé ëèíåéíûõ èëè íåëè-
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íåéíûõ äèíàìè÷åñêèõ ñèñòåì, íå ìîæåò áûòü ïðèìåíåí äëÿ ïî-

ëó÷åíèÿ ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê X(t), òàêèõ êàê �óíêöèè

ìàòåìàòè÷åñêîãî îæèäàíèÿ, �óíêöèè êîâàðèàöèè è ò.ä.

Ñ äðóãîé ñòîðîíû, ïîïûòêè ïîñòðîèòü äðóãèå ìàòåìàòè÷åñêèå

ìîäåëè ÿâëåíèé, îïèñûâàåìûõ óðàâíåíèÿìè, ïîñòðîåííûìè íà îñ-

íîâå óðàâíåíèé òèïà (1), (3), à èìåííî, ìîäåëè, áîëåå óäîáíûå äëÿ

äàëüíåéøåãî àíàëèçà, âïîëíå åñòåñòâåííû.

Ïðèíèìàÿ âî âíèìàíèå ïðåäûäóùèå îïðåäåëåíèÿ è îáîçíà÷å-

íèÿ, ìîæíî êîíñòàòèðîâàòü, ÷òî ïðîáëåìà, ðåøàåìàÿ â ýòîé ñòàòüå,

çàêëþ÷àåòñÿ â ïîñòðîåíèè ñõåìû âû÷èñëåíèÿ ðÿäà ðàçëè÷íûõ ìî-

ìåíòíûõ �óíêöèé MXα(t) = E[Xα(t)] (α � ìóëüòèèíäåêñ), âåêòîð-

�óíêöèè mX(t) ≡ {mXi
(t)} = E[X(t)], à òàêæå ìàòðè÷íî-çíà÷íîé

�óíêöèè

DXX(t) = {Dij(t)} ≡ E
[{
X(t)−mX(t)

} {
X(t)−mX(t)

}⊺]

äëÿ âñåõ t èç (t0, T ].

3. Îáùàÿ ñõåìà âû÷èñëåíèé

×òîáû ïîëó÷èòü ÎÄÓ äëÿ íåîáõîäèìûõ ñòàòèñòè÷åñêèõ õàðàê-

òåðèñòèê âåêòîðà X(t) ïðè ëþáîì t > t0, ðàñøèðèì ïðîñòðàíñòâî

ñîñòîÿíèé èññëåäóåìîé ñèñòåìû, ïðåîáðàçîâàâ íåìàðêîâñêóþ ñèñòå-

ìó â ìàðêîâñêóþ. ×òîáû ñäåëàòü òàêîå ïðåîáðàçîâàíèå, âîñïîëüçó-

åìñÿ ñëåäóþùèìè îáîçíà÷åíèÿìè:

s ∈ [0, τ ], tk = t0 + k τ, k = 0, 1, 2, ..., N + 1, tN+1 > T,

sk = s+ tk, ∆k = (tk, tk+1], pk(xk, s) = p(xk, s+ tk),

pk(xk, 0) = pk−1(xk, τ), p0(x0, 0) = p 0(x0),

Xk(s) = X(s+ tk), Xk(0) = Xk−1(τ) a.s., Y (s) ≡ X0,

W k(s) = W (s+ tk), W k(0) = W k−1(τ) a.s.,

Z0(s) = col
(
Y (s),X0(s)

)
,

Z1(s) = col
(
Y (s),X0(s),X1(s)

)
≡ col

(
Z0(s),X1(s)

)
,

Z2(s) = col
(
Z1(s),X2(s)

)
, ... ZN (s) = col

(
ZN−1(s),XN (s)

)
.

Òîãäà èñïîëüçóÿ ïîøàãîâóþ ïðîöåäóðó, ïîñòðîèì öåïî÷êó ñèñòåì

ÑÎÄÓ è ñîîòâåòñòâóþùèå ÔÏÊ-óðàâíåíèÿ äëÿ ïëîòíîñòåé âåðî-

ÿòíîñòè âåêòîðîâ Z0(s), Z1(s), Z2(s), ..., ZN (s), ïðèíàäëåæàùèõ
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ñåìåéñòâó âëîæåííûõ ïðîñòðàíñòâ ñîñòîÿíèé R
2n ⊂ R

3n ⊂ ... ⊂
R

n(N+2)
.

0
0
. �àññìîòðèì ïîëóèíòåðâàë ∆0. Êîìïîíåíòû âåêòîðíîãî ñëó-

÷àéíîãî ïðîöåññà Z0(s), îïðåäåëåííûå íà∆0, óäîâëåòâîðÿþò ñèñòå-

ìå ÑÎÄÓ âèäà:

dY (s) = On ds, Y (0) = X0,

dX0(s) =
[
A0(s0)X0(s) + c0(s0)

]
ds+

+
[
[B0(s0)℄ ::X0(s) + G0(s0)

]
◦ dW 0(s), X0(0) = X0.

(5)

Åñëè âîñïîëüçîâàòüñÿ îáúåäèíåííîé �îðìîé óðàâíåíèé (5)

dZ0(s) =
[
A+

0 (s)Z0(s) + c+
0 (s)

]
ds+

[
[B+

0 (s)℄ ::Z0(s)+

+ G+
0 (s)

]
◦ dW 0(s), Z0(0) = col

(
X0,X0

)
, (6)

ãäå

A
+
0 (s) =

[
On×n On×n

On×n A0(s0)

]
, c+

0 (s) =

[
On

c0(s0)

]
,

[B+
0 (s)℄ =

[
[O℄n×m×n

[O℄n×m×n

]
‡

[
[O℄n×m×n

[B0(s0)℄

]
, G

+
0 (s) =

[
On×m

G0(s0)

]
,

(7)

è ñðàâíèòü ñèñòåìû óðàâíåíèé (6), (7) è (25), (26), òî ìîæíî çà-

êëþ÷èòü, ÷òî ýòè ñèñòåìû áóäóò îäèíàêîâû, åñëè

r = 2n, q = m, s∗ = 0, s∗ = τ, A(s) = A+
0 (s),

c(s) = c+
0 (s), [B(s)℄ = [B+

0 (s)℄, G(s) = G+
0 (s).

(8)

Ïîýòîìó ìû ìîæåì çàïèñàòü óðàâíåíèå äëÿ ïëîòíîñòè âåðîÿòíîñòè

pZ0(z0, s) ðàñøèðåííîãî âåêòîðíîãî ïðîöåññà ñîñòîÿíèÿ Z0(s):

∂pZ0

∂s
=

1

2

2n∑

i,j=1

∂2
(
b̃0ij pZ0

)

∂z0i ∂z0j
−

2n∑

i=1

∂
(
ã0i pZ0

)

∂z0i
,

pZ0(z0, 0) ≡ pZ0(y,x0, 0) = p 0(x0) δ0(y − x0),

(9)

ãäå êîý��èöèåíòû ã0i è b̃0ij ìîãóò áûòü âû÷èñëåíû ïî �îðìóëàì

(29), (30) êàê âi and b̂ij ñîîòâåòñòâåííî.
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Áîëåå òîãî, ýòîò �àêò äàåò íàì âîçìîæíîñòü ïîñòðîèòü ÿâíûé

âèä óðàâíåíèé (31), (32) è (33) (ñì. Ïðèëîæåíèå). Êîíå÷íîé òî÷êîé

ýòîãî ýòàïà ÿâëÿåòñÿ îïðåäåëåíèå íà÷àëüíûõ óñëîâèé äëÿ mZ0(s),
DZ0Z0(s) è MZ0α(s). Ïåðâûå äâå ãðóïïû òàêèõ óñëîâèé òàêîâû:

mZ0(0) =

[
m0

X

m0
X

]
, DZ0Z0(0) =

[
D0

XX D0
XX

D0
XX D0

XX

]
. (10)

Äàëåå íàäî âû÷èñëèòü mZ0(s) êàê mZ(s) è DZ0Z0(s) êàê DZZ(s).
Òåïåðü äîáàâèì íà÷àëüíûå óñëîâèÿ äëÿ ïðîèçâîëüíûõ ìîìåíò-

íûõ �óíêöèé MZ0α(s) = E[Zα0
0 (s)] âåêòîðà Z0(s), ãäå

α0 = 〈αY , αX0〉 ≡ {αY 1, αY 2, ..., αY n, αX01, αX02, ..., αX0n},

� ìóëüòèèíäåêñ. Òîãäà ïîëó÷èì, ÷òî

MZ0α0(0) =

∫

R2n

zα0
0 pZ0(z0, 0) dz0 ≡

≡

∫

R2n

yαY xαX0
0 p 0(x0) δ0(y − x0) dy dx0 =

=

∫

Rn

xαY +αX0
0 p 0(x0) dx0 = M 0

X0,αY +αX0
. (11)

1
0
. Òåïåðü îáðàòèìñÿ ê ñåãìåíòàì ∆0 è ∆1. Ñèñòåìà ÑÎÄÓ äëÿ

âû÷èñëåíèÿ âåêòîðà ðàñøèðåííîãî ñîñòîÿíèÿ Z1(s) ìîæåò áûòü

ïðåäñòàâëåíà â ñëåäóþùåì âèäå:

dY (s) = On ds, Y (0) = X0,

dX0(s) =
[
A0(s0)X0(s) + c0(s0)

]
ds+

+
[
[B0(s0)℄ ::X0(s) + G0(s0)

]
◦ dW 0(s), X0(0) = X0,

dX1(s) =
[
A(s1)X1(t) +Q(s1)X0(s)+

+c(s1)
]
ds+

[
[B(s1)℄ ::X1(s)+

+[H(s1)℄ ::X0(s) + G(s1)
]
◦ dW 1(s), X1(0) = X0(τ).

(12)

Äåéñòâóÿ òàê æå, êàê íà øàãå 0
0
, ìû ìîæåì çàïèñàòü êîìïàêò-

íóþ �îðìó óðàâíåíèé (12):
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dZ1(s) =
[
A+

1 (s)Z1(s) + c+
1 (s)

]
ds+

[
[B+

1 (s)℄ ::Z1(s)+

+ G
+
1 (s)

]
◦ dW+

1 (s), Z1(0) = col
(
Z0(0),X0(τ)

)
, (13)

ãäå

A+
1 (s) =




On×n On×n On×n

On×n A0(s0) On×n

On×n Q(s1) A(s1)



 , c+
1 (s) =




On

c0(s0)
c(s1)



 ,

[B+
1 (s)℄ =




[O℄n×m×n

[O℄n×m×n

[O℄n×m×n



 ‡




[O℄n×m×n

[B0(s0)℄
[H(s1)℄



 ‡




[O℄n×m×n

[O℄n×m×n

[B(s1)℄



 ,

G+
1 (s) =




On×m On×m

G0(s0) On×m

On×m G(s1)



 , W+
1 (s) =

[
W 0(s)
W 1(s)

]
.

(14)

Êàê è âûøå, ñðàâíèâàåì ñòðóêòóðû óðàâíåíèé (13), (14) è (25),

(26) è çàêëþ÷àåì, ÷òî ýòè ñèñòåìû èäåíòè÷íû, åñëè

r = 3n, q = 2m, s∗ = 0, s∗ = τ, A(s) = A
+
1 (s),

c(s) = c+
1 (s), [B(s)℄ = [B+

1 (s)℄, G(s) = G
+
1 (s).

(15)

Ýòî ïîçâîëÿåò ïîñòðîèòü ÔÏÊ-óðàâíåíèå äëÿ ïëîòíîñòè âåðîÿòíî-

ñòè pZ1(z1, s) ðàñøèðåííîãî âåêòîðà ñîñòîÿíèÿ Z1(s) â ñëåäóþùåì
âèäå:

∂pZ1

∂s
=

1

2

3n∑

i,j=1

∂2
(
b̃1ij pZ1

)

∂z1i ∂z1j
−

3n∑

i=1

∂
(
ã1i pZ1

)

∂z1i
,

pZ1(z1, 0) ≡ pZ1(y,x0,x1, 0) = pZ0(x0,x1, τ) δ0(y − x0).

(16)

Î÷åâèäíî, ÷òî êîý��èöèåíòû ã1i è b̃1ij ìîæíî íàéòè ïî �îðìóëàì

(29), (30) êàê âi è b̂ij ñîîòâåòñòâåííî.

Òåïåðü ìû ìîæåì ïîñòðîèòü ÿâíûé âèä óðàâíåíèé (31), (32),

(33). À çàêàí÷èâàåòñÿ ýòîò øàã �èêñàöèåé íà÷àëüíûõ óñëîâèé äëÿ

mZ1(s) è DZ1Z1(s) äëÿ Z1(s) ñëåäóþùèì îáðàçîì:

mZ1(0)=




m0
X

m0
X

mX0(τ)


,DZ1Z1(0)=




D0
XX D0

XX DY X0(τ)

D0
XX D0

XX DY X0(τ)

DX0Y (τ) DX0Y (τ) DX0X0(τ)


 (17)
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è îöåíêîé mZ1(s) êàê mZ(s) è DZ1Z1(s) êàê DZZ(s).
Ïîäîáíàÿ ïðîöåäóðà óñòàíàâëèâàåò íà÷àëüíûå óñëîâèÿ äëÿ ëþ-

áûõ ìîìåíòíûõ �óíêöèé MZ1α(s) = E[Zα1
1 (s)], ãäå

α1 = 〈αY , αX0, αX1〉 ≡ {αY 1, ..., αY n, αX01, ..., αX0n, αX11, ..., αX1n},

� ìóëüòèèíäåêñ. Îñòþäà ìîæíî ïîëó÷èòü ñîîòíîøåíèå

MZ1α1(0) =

∫

R3n

zα1
1 pZ1(z1, 0) dz1 ≡

≡

∫

R3n

yαY xαX0
0 xαX1

1 pZ0(x0,x1, τ) δ0(y − x0) dy dx0 dx1 =

=

∫

Rn

xαY +αX0
0 xαX1

1 pZ0(x0,x1, τ) dx0 dx1 = MZ0,〈αY +αX0,αX1〉(τ).

... ... ... ... ... ... ... ... ...

N
0
. Íà ïîñëåäíåì øàãå ðàññìàòðèâàþòñÿ ïðîìåæóòêè âðåìåíè

∆0, ∆1, ..., ∆N è ñòðîèòñÿ ñèñòåìà ÑÎÄÓ äëÿ âåêòîðà ñîñòîÿíèÿ

ZN (s) â âèäå:

dY (s) = On ds, Y (0) = X0,

dX0(s) =
[
A0(s0)X0(s) + c0(s0)

]
ds+

+
[
[B0(s0)℄ ::X0(s) + G0(s0)

]
◦ dW 0(s), X0(0) = X0,

dX1(s) =
[
A(s1)X1(t) +Q(s1)X0(s)+

+c(s1)
]
ds+

[
[B(s1)℄ ::X1(s)+

+[H(s1)℄ ::X0(s) + G(s1)
]
◦ dW 1(s), X1(0) = X0(τ).

... ... ... ... ... ... ... ...

dXN (s)=
[
A(sN )XN (t)+Q(sN )XN−1(s)+

+c(sN )
]
ds+

[
[B(sN )℄ ::XN (s)+

+[H(sN )℄ ::XN−1(s) + G(sN )
]
◦ dWN (s), XN (0) = XN−1(τ).

(18)

Ïîñëåäóþùèå äåéñòâèÿ àíàëîãè÷íû äåéñòâèÿì, âûïîëíåííûì

â ïðîöåññå âûïîëíåíèÿ øàãîâ 0
0
, 1

0
, ..., (N− 1)0, è âêëþ÷àþò ñëå-

äóþùèå ýòàïû:
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(1) çàïèñàòü ñæàòóþ �îðìó óðàâíåíèé (18):

dZN (s) =
[
A

+
N (s)ZN (s) + c+

N (s)
]
ds+

[
[B+

N (s)℄ ::ZN (s)+

+ G+
N (s)

]
◦ dW+

N (s), ZN (0) = col
(
ZN−1(0),XN−1(τ)

)
(19)

ãäå èñïîëüçóåìûå ìàòðèöû è âåêòîðû âû÷èñëÿþòñÿ ñëåäóþùèì îá-

ðàçîì:

A
+
N (s)=

[
A+

N−1(s) O(N+1)n×n

[On×Nn Q(sN )] A(sN )

]
, c+

N (s)=

[
c+
N−1(s)
c(sN )

]
,

[B+
N (s)℄ =




[O℄n×m×n

[O℄n×m×n

[O℄n×m×n

[O℄n×m×n

...

[O℄n×m×n

[O℄n×m×n




‡




[O℄n×m×n

[B0(s0)℄
[H(s1)℄

[O℄n×m×n

...

[O℄n×m×n

[O℄n×m×n




‡




[O℄n×m×n

[O℄n×m×n

[B(s1)℄
[H(s2)℄

...

[O℄n×m×n

[O℄n×m×n




‡

‡... ‡




[O℄n×m×n

[O℄n×m×n

[O℄n×m×n

[O℄n×m×n

...

[B(sN−1)℄
[H(sN )℄




‡




[O℄n×m×n

[O℄n×m×n

[O℄n×m×n

[O℄n×m×n

...

[O℄n×m×n

[B(sN )℄




,

G
+
N (s)=

[
G+

N−1(s) O(N+1)n×m

On×Nm G(sN )

]
, W+

N (s)=

[
W+

N−1(s)
WN (s)

]
;

(20)

(2) ñðàâíèòü ñòðóêòóðû ñèñòåì ÑÎÄÓ (19), (20) è (25), (26) è

óñòàíîâèòü, ÷òî ýòè ñèñòåìû îäèíàêîâû, åñëè

r = (N + 2)n, q = (N + 1)m, s∗ = 0, s∗ = τ, A(s) = A+
N (s),

c(s) = c+
N (s), [B(s)℄ = [B+

N (s)℄, G(s) = G
+
N (s);

(3) ïîñòðîèòü ÔÏÊ-óðàâíåíèå äëÿ ïëîòíîñòè ðàñïðåäåëåíèÿ âå-

ðîÿòíîñòåé pZN
(zN , s) âåêòîðíîãî ïðîöåññà ñîñòîÿíèÿ ZN (s) ñëåäó-
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þùèì îáðàçîì:

∂pZN

∂s
=

1

2

(N+2)n∑

i,j=1

∂2
(
b̃Nij pZN

)

∂zNi ∂zNj

−

(N+2)n∑

i=1

∂
(
ãNi pZN

)

∂zNi

,

pZN
(zN , 0) ≡ pZN

(y,x0,x1, ...,xN−1,xN , 0) =

= pZN−1(x0,x1, ...,xN−1,xN , τ) δ0(y − x0);

(21)

(4) âû÷èñëèòü êîý��èöèåíòû ãNi è b̃Nij èç �îðìóë (29), (30)

êàê âi è b̂ij ñîîòâåòñòâåííî;

(5) ïîñòðîèòü ÿâíûé âèä óðàâíåíèé (31), (32), (33);

(6) óñòàíîâèòü íà÷àëüíûå óñëîâèÿ äëÿ mZN
(s) è DZNZN

(s) èç
ZN (s) â âèäå:

mZN
(0) =

[
mZN−1(0)

mXN−1(τ)

]
,

DZNZN
(0) =

=




D0
XX D0

XX DYX0(τ) ... DYXN−1(τ)

D0
XX D0

XX DYX0(τ) ... DYXN−1(τ)

DX0Y (τ) DX0Y (τ) DX0X0(τ) ... DX0XN−1(τ)

... ... ... ... ...

DXN−1Y (τ) DXN−1Y (τ) DXN−1X0(τ) ... DXN−1XN−1(τ)




(22)

è âû÷èñëèòü mZN
(s) êàê mZ(s) è DZNZN

(s) êàê DZZ(s).
Òîãäà íà÷àëüíûå óñëîâèÿ ñîñòîÿíèÿ äëÿ ïðîèçâîëüíûõ ìîìåí-

òíûõ �óíêöèé MZNα(s) = E[ZαN

N (s)], ãäå

αN = 〈αY , αX0, αX1, ..., αXN 〉

� ìóëüòèèíäåêñ, áóäóò èìåòü ñëåäóþùóþ �îðìó:

MZNαN
(0) =

∫

Rn(N+1)

zαN

N pZN
(zN , 0) dzN ≡

≡

∫

Rn(N+1)

yαY xαX0
0 xαX1

1 ... xαXN

N ×

× pZN−1(x0,x1, ...,xN−1, τ) δ0(y − x0) dy dx0 dx1 ... dxN−1 =
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=

∫

Rn(N+1)

xαY +αX0
0 xαX1

1 ... xαXN

N ×

× pZN−1(x0,x1, ...,xN−1, τ) dx0 dx1 ... dxN−1 =

= MZN−1,〈αY +αX0,αX1,...,αXN〉(τ).

4. Ïðèìåð

�àññìîòðèì ñëåäóþùóþ êîëåáàòåëüíóþ ñòîõàñòè÷åñêóþ ñèñòå-

ìó, çàïèñàííóþ â íåñòðîãîé �îðìå:

Ẍ(t) = 0, −τ < t 6 0, (23)

Ẍ(t) + 2α1

[
1 + β1 V1(t)

]
Ẋ(t) + 2α2

[
1 + β2 V2(t)

]
Ẋ(t− τ)

+ω2
0 X(t) + α3

[
1 + β3 V3(t)

]
X(t− τ) = γ V4(t), 0 < t 6 N τ, (24)

ãäå α1 > 0, β1, α2, β2, ω0 > 0, α3, β3, γ � ïîñòîÿííûå, N ∈ N,

N < +∞. Îáîçíà÷àÿ X(t) ÷åðåç X1(t) è Ẋ(t) ÷åðåç X2(t), ìîæíî
çàïèñàòü óðàâíåíèÿ (23), (24) â âèäå (1), (3). Â ýòîì ñëó÷àå

n = 2, m = 4, t0 = −τ, T = N τ, G0 = O2×4,

X(t) =

[
X1(t)

X2(t)

]
, A0 =

[
0 1

0 0

]
, c0 = O2, [B0℄ = [O℄2×4×2,

A =

[
0 1

−ω2
0 −2α1

]
, Q =

[
0 0

−α3 −2α2

]
, c = O2,

[B℄ =

[
0 0 0 0

0 0 0 0

]
‡

[
0 0 0 0

−2α1 β1 0 0 0

]
, G =

[
0 0 0 0

0 0 0 γ

]
,

[H℄ =

[
0 0 0 0

0 0 −α3 β3 0

]
‡

[
0 0 0 0

0 −2α2 β2 0 0

]
.

�àñ÷åòû ñòàòèñòè÷åñêèõ õàðàêòåðèñòèê âåêòîðà X(t) âûïîëíÿ-
ëèñü ïðè ñëåäóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ:

α1 = 0.1, β1 = 0.1, α2 = 0.1, β2 = 0.05, ω0 = 4.0,

α3 = 0.5, β3 = 0.1, γ = 0.1, τ ∈ {1.0, 1.25, 2.0, 2.5},

m0
X =

[
3.0

0.0

]
, D0

XX =

[
0.25 0.10

0.10 0.16

]
.
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0 1 2 3 4 5 6 7 8 9 10
-3

-2

-1

0

1

2

3

m1(t)

t

�èñ. 1

0 1 2 3 4 5 6 7 8 9 10
0

0.05

0.1

0.15

0.2

0.25

D11(t)

t

�èñ. 2

Îòîáðàííàÿ ÷àñòü ðåçóëüòàòîâ ýòèõ ðàñ÷åòîâ ïðåäñòàâëåíà íà

ðèñ. 1�4. �èñ. 1 ïîêàçûâàþò äèíàìèêó èçìåíåíèÿ �óíêöèè ìàòåìà-

òè÷åñêîãî îæèäàíèÿ mX1(t), ðèñ. 2 � äèñïåðñèè DX1X1(t), ðèñ. 3,
4 � íîðìèðîâàííûõ òðåòüåãî è ÷åòâåðíîãî öåíòðàëüíûõ ìîìåíòîâ

E

[
X̃3

1 (t)
]
è E

[
X̃4

1 (t)
]
, ãäå σ2

1(t) = DX1X1(t),

X̃1(t) =
X1(t)−mX1(t)

σ1(t)
.

Òèïû ëèíèé (íåïðåðûâíàÿ, øòðèõîâàÿ, ïóíêòèðíàÿ, øòðèõ-ïóíê-

òèðíàÿ) ñîîòâåòñòâóþò ïîðÿäêó äëèí çàïàçäûâàíèé.
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0 1 2 3 4 5 6 7 8 9 10

-0.3

-0.2

-0.1

0.

0.1

0.2

0.3

E[X
˜
1

3

(t)]

t

�èñ. 3

0 1 2 3 4 5 6 7 8 9 10

3.

3.05

3.1

3.15

3.2 E[X
˜
1

4

(t)]

�èñ. 4

Àíàëèçèðóÿ ïîëó÷åííûå ðåçóëüòàòû ðàñ÷åòîâ, íåñëîæíî óñòà-

íîâèòü, ÷òî óâåëè÷åíèå çàïàçäûâàíèÿ âåäåò ê ïîòåðå óñòîé÷èâîñòè

ðàññìàòðèâàåìîé ñèñòåìû ïî ìîìåíòàì.

Çàêëþ÷åíèå

Â ñòàòüå èçëîæåí àïïàðàò è àëãîðèòìû ïðèìåíåíèÿ ñî÷åòàíèÿ

ìåòîäà øàãîâ è ðàñøèðåíèÿ ïðîñòðàíñòâà ñîñòîÿíèé, ïðåäíàçíà-

÷åííûå äëÿ ðàñ÷åòà ñòàðøèõ ìîìåíòíûõ �óíêöèé âåêòîðîâ ñîñòîÿ-

íèé ñèñòåì ëèíåéíûõ ïàðàìåòðè÷åñêèõ ñòîõàñòè÷åñêèõ äè��åðåí-
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öèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì. Ïðåäñòàâëåíû ñòðóêòóðû

óðàâíåíèé äëÿ ìîìåíòíûõ �óíêöèé, íåîáõîäèìûå ðàñ÷åòíûå �îð-

ìóëû è ðåçóëüòàòû ïðèìåíåíèÿ ñõåìû äëÿ àíàëèçà ñèñòåìû âòîðîãî

ïîðÿäêà.

Ïðèëîæåíèå.

Ïîñòðîèì îáùóþ ñèñòåìó ÎÄÓ, îïèñûâàþùóþ ïîâåäåíèå âåêòî-

ðà �óíêöèé ìàòåìàòè÷åñêîãî îæèäàíèÿ mZ(s)={m i(s)}=E[Z(s)]
è ìàòðèöû êîâàðèàöèé

DZZ(s) = {Dij(s)} = E
[{
Z(s)−mZ(s)

}{
Z(s)−mZ(s)

}⊺]

äëÿ âåêòîðà ñîñòîÿíèÿ Z(s) = {Z i(s)} ∈ R
r
ëèíåéíîé ñòîõàñòè÷å-

ñêîé äè��åðåíöèàëüíîé ñèñòåìû ñ àääèòèâíûìè è ìóëüòèïëèêà-

òèâíûìè øóìàìè â �îðìå Ñòðàòîíîâè÷à:

dZ(s) =
[
A(s)Z(s) + c(s)

]
ds+

[
[B(s)℄ ::Z(s) + G(s)

]
◦ dW (s),

s∗ < s 6 s∗, (25)

Z(s∗) = Z∗, (26)

ãäå îñíîâíàÿ ÷àñòü îáîçíà÷åíèé àíàëîãè÷íà îáîçíà÷åíèÿì, ââåäåí-

íûì â ïåðâûõ ðàçäåëàõ ñòàòüÿ, à òî÷êà óêàçûâàåò íà ïðîèçâîä-

íóþ ïî s. Íà÷àëüíîå ïîëîæåíèå � âåêòîð Z∗ =
(
Z∗1, Z∗2, ..., Z∗r

)

ÿâëÿåòñÿ ñëó÷àéíûì âåêòîðîì, ðàñïðåäåëåííûì ñ ïëîòíîñòüþ âå-

ðîÿòíîñòè p̂∗(z), z = (z1, z2, ..., zr). Åãî ñðåäíåå çíà÷åíèå ðàâíî

m∗
Z = E[Z∗], à åãî ìàòðèöà êîâàðèàöèé �

D∗
ZZ = E[(Z∗ −m∗

Z)(Z∗ −m∗
Z)

⊺] .

Âõîä {W (s) = {W i(s)}, s∗ 6 s 6 s∗ ∈ R
q} � âèíåðîâñêèé ñòîõàñòè-

÷åñêèé ïðîöåññ ñ íåçàâèñèìûìè êîìïîíåíòàìè. Â óðàâíåíèÿõ (25)

A(s) = {a ij(s)}, [B(s)℄ = {b ijk(s)} è G(s) = {g
ij
(s)} ÿâëÿþòñÿ äå-

òåðìèíèðîâàííûìè âåùåñòâåííûìè ìàòðèöàìè â M r×r, M r×q×r è

M r×q ñîîòâåòñòâåííî, c(s) = {ci(s)} ∈ R
r
� äåòåðìèíèðîâàííûé âå-

ùåñòâåííûé âåêòîð. Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû âñåõ ýòèõ ìàò-

ðèö è âåêòîðîâ ÿâëÿþòñÿ íåïðåðûâíûìè �óíêöèÿìè îòíîñèòåëüíî

àðãóìåíòà s.

Êîý��èöèåíòû ñíîñà âi è êîý��èöèåíòû äè��óçèè b̂ij ÔÏÊ-
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óðàâíåíèÿ

∂p̂

∂s
=

1

2

r∑

i,j=1

∂2
(
b̂ij p̂

)

∂zi ∂zj
−

r∑

i=1

∂
(
âi p̂

)

∂zi
, (27)

p̂ (z, s∗) = p̂∗(z), (28)

ãäå p̂ (z, s) � ïëîòíîñòü âåðîÿòíîñòè âåêòîðà ñîñòîÿíèÿ Z(s) ìîæíî
ðàññ÷èòàòü, åñëè ó÷åñòü ñëåäóþùèå �îðìóëû [4, ñòð. 46�50℄:

âi =
r∑

ℓ=1

aiℓ zℓ + ci +
1

2

r∑

ν=1

q∑

k=1

bikν

( r∑

ℓ=1

bνkℓ zℓ + g
νk

)
, (29)

b̂ij =

q∑

k=1

( r∑

ℓ=1

bikℓ zℓ + g
ik

)( r∑

ℓ=1

bjkℓ zℓ + g
jk

)
. (30)

Èñïîëüçóÿ óðàâíåíèå (27) è ñîîòíîøåíèÿ (29), (30), ìû ìîæåì

ïîëó÷èòü ÎÄÓ äëÿ ðàçíûõ ìîìåíòíûõ �óíêöèé Mα(t) = E[Zα]:

Ṁα =
1

2

r∑

i=1

αi (αi − 1)×

×

q∑

k=1

(
g2
ik
Mα−2ei+2 g

ik

r∑

ℓ=1

bikℓ Mα−2ei+eℓ+

r∑

ℓ,ν=1

bikℓ bikν Mα−2ei+eℓν

)

+

r−1∑

i=1

r∑

j=i+1

αi αj

q∑

k=1

[
g
ik
g
jk

Mα−eij +

r∑

ℓ=1

(
g
ik
bjkℓ+g

jk
bikℓ

)
Mα−eij+eℓ

+

r∑

ℓ,ν=1

bikℓ bjkν Mα−eij+eℓν

]
+

n∑

i=1

αi

[ r∑

ℓ=1

aiℓ Mα−ei+eℓ + ci Mα−ei

+
1

2

r∑

j=1

q∑

k=1

bikj
(
g
jk

Mα−ei +
r∑

ℓ=1

bjkℓ Mα−ei+eℓ

)]
, α > 0, (31)

ãäå M0 = 1, α � ìóëüòèèíäåêñ.

Â ÷àñòíîñòè, óðàâíåíèÿ äëÿ ìàòåìàòè÷åñêèõ îæèäàíèé è äèñ-

ïåðñèé ïðèíèìàþò ñëåäóþùèé âèä:

ṁZ(s) = f
(
mZ(s), s

)
, mZ(s∗) = m∗

Z , (32)
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ḊZZ(s) = F
(
DZZ(s),mZ(s), s

)
, DZZ(s∗) = D

∗
ZZ , (33)

ãäå f = {f
i
} ∈ R

r
è F = {F ij} ∈ Mr×r � äåòåðìèíèðîâàííûå

âåêòîðíàÿ è ìàòðè÷íàÿ �óíêöèè, êîìïîíåíòû êîòîðûõ ìîæíî âû-

÷èñëèòü, åñëè âîñïîëüçîâàòüñÿ ñîîòíîøåíèÿìè âèäà:

f
i
=

r∑

ℓ=1

aiℓ mℓ + ci +
1

2

r∑

ν=1

q∑

k=1

bikν

( r∑

ℓ=1

bνkℓ mℓ + g
νk

)
,

i = 1, 2, ..., r; (34)

F ij =

r∑

ℓ=1

[
Diℓ

(
ajℓ +

1

2

r∑

ν=1

q∑

k=1

bjkν bνkℓ

)
+

+Djℓ

(
aiℓ +

1

2

r∑

ν=1

q∑

k=1

bikν bνkℓ

)]
+

+

q∑

k=1

[ r∑

ℓ1,ℓ2=1

bikℓ1 bjkℓ2
(
Dℓ1ℓ2

+mℓ1
mℓ2

)
+

+

r∑

ℓ=1

(
g
ik
bjkℓ + g

jk
bikℓ

)
mℓ + g

ik
g
jk

]
,

i, j = 1, 2, ..., r. (35)
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